In this article, we present several new refinements of the generalized Aczél inequality. As an application, an integral type of the generalized Aczél-Vasić-Pečarić inequality is refined. MSC: Primary 26D15; secondary 26D10
Introduction
In , Aczél [] established the following inequality, which is called the Aczél inequality. 
The main object of this paper is to give several new refinements of inequality () and (). As an application, a new refinement of inequality () is given.
New refinements of generalized Aczél inequality
In order to prove the main results in this section, we need the following lemmas. 
The inequality is reversed for  < α < .
. . , A m be real numbers, let m be a natural number, and let m ≥ . Then
Proof From the assumptions in Lemma ., we find
Thus, by using inequality () we have
Noting the fact that there are
 ], and using the arithmetic-geometric mean's inequality, we obtain
On the other hand, from Lemma . we have
Consequently, from (), (), and (), we obtain the desired inequality ().
Proof Case I. When m > . Let us consider the following product:
From the hypotheses of Lemma ., it is easy to see that
Then, applying inequality (), we have
(   ) http://www.journalofinequalitiesandapplications.com/content/2014/1/239
There are
, and then we derive from the arithmetic-geometric mean's inequality that
Therefore, we have
On the other hand, from Lemma . we find
Combining inequalities (), (), and () yields the desired inequality (). Case II. When m = . By the same method as in Lemma ., it is easy to obtain the desired inequality (). So we omit the proof. The proof of Lemma . is completed.
Proof By the same method as in Lemma ., applying Lemma ., it is easy to obtain the desired inequality (). So we omit the proof. Then from Lemma . and Lemma . we get
The proof of Lemma . is completed.
By the same method as in Lemma ., we obtain the following two lemmas.
, and let
(   )
Now, we give the refinement and generalization of inequality (). Proof From the assumptions in Theorem ., it is easy to verify that
It thus follows from Lemma . with the substitution X j = ( 
Proof From the hypotheses of Theorem ., we find that By the same method as in Theorem ., and using Lemma ., we obtain the following sharpened and generalized version of inequality (). In particular, putting m = , λ  = p, λ  = q, a r = a r , a r = b r (r = , , . . . , n) in Theorem ., we obtain a new refinement and generalization of inequality ().
